The sensitivity of molecular vibrational population dynamics, governing the CO laser operated in fundamental and overtone transitions, to vibration-tovibration rate constants is investigated. With this aim, three rate constant sets have been used, differing in their completeness (i.e. accounting for singlequantum exchange only, or for multi-quantum exchange with a limited number of rate constants obtained by semiclassical calculations, and, finally, with an exhaustive set of rate constants including asymmetric exchange processes, as well) and in the employed interaction potential. The most complete set among these three is introduced in this paper. An existing earlier kinetic model was updated to include the latter new data. Comparison of data produced by kinetic modelling with the above mentioned sets of rate constants shows that the vibrational distribution function, and, in particular, the CO overtone laser characteristics, are very sensitive to the choice of the model. The most complete model predicts slower evolution of the vibrational distribution, in qualitative agreement with experiments.
Introduction
Highly vibrational excited molecules play an important role in many research areas. Laser action on fundamental and overtone transitions of the CO laser is completely due to specific energy exchange processes between vibrationally excited molecules. Recently, convincing data were received about the formation of plasma in CO gas vibrationally excited through optical pumping by resonance radiation [1] . The ionization mechanism proposed by the authors [1] is an associative ionization in collisions of two highly excited CO molecules.
Kinetic models considering vibration-to-vibration (VV) energy exchange in the approximation of a single vibrational quantum transfer were developed to describe the CO laser operated on first-overtone (FO) transitions [2] and plasma produced in CO gas by resonant IR radiation [3] . Such a kind of modelling provided a satisfactory description of the CO laser operated in the fundamental band (around 5 µm wavelength). However, the FO CO laser cannot be satisfactorily described in this approximation as shown in [4] . The reason is that in this laser optical transitions on vibrational levels around and higher than 20 are most powerful.
The transition to a more complicated description accounting for multi-quantum energy exchange depends critically on the existence of reliable data about VV exchange processes for different gas temperatures and all vibrational states. It is practically impossible to measure all the necessary rate constants. Therefore, the leading role in the progress should be played by the theory of molecular collisions. The need for accurate rate coefficients for such processes has been a demand for many years and the first simplified theories, mostly first-order ones, were introduced in the 1950s and 1960s. Concerning VV energy transfer the Rapp-EnglanderGolden model [5] , for transitions induced by short range forces, and the Sharma-Brau model [6] , for transitions induced by long range multipole interactions, accounting for exactly resonant transfer became very popular. These simplified theories, especially the Sharma-Brau approach, which is often still used, generally show a good qualitative agreement with the experimental behaviour of rate constants as a function of temperature. However, because the whole range of interaction forces (short range, long range and dispersion contributions) and their subsequent interference effects are neglected, the quantitative results are in most cases not accurate enough. Moreover, these models also fail to qualitatively reproduce the correct rate constant behaviour at temperatures lower than 200 K (which are relevant, e.g., in the kinetic modelling of the CO laser). This is a consequence of the fact that rotational motion and the centrifugal stretch coupling are not included, although they give a substantial contribution at low energies. The latter weak point is also shared by some approximated quantum mechanical treatments: because, except for the three-atom case, the number of coupled second-order differential equations to be solved for the exact quantum mechanical determination of the rate constants is generally computationally unaffordable (even with today's facilities), the rotational motion is completely decoupled.
A method to simplify the computational load of accurate determinations of VV rate coefficients, without resorting to drastic approximations, is based on semiclassical considerations and has been introduced and developed by Billing [7] [8] [9] [10] . This approach, which has been proved to give good results for a number of systems [11] [12] [13] , consists of treating the rotational and translational motions of the diatoms classically, while the vibrations and rotovibrational coupling are treated quantum mechanically. The coupling between the two systems is achieved by using an Ehrenfest averaged potential for the solution of the classical equations of motion. A short description of this method will be given in section 2. Evidently, such a theory requires a good knowledge of interaction potentials at short and long distances, and their choice can seriously affect the accuracy of the results.
The objectives of this paper are to present the currently most complete data for VV exchange rate constants, calculated by the above mentioned semiclassical approach, and to compare the dynamics of the vibrational distribution function (VDF) and its associated characteristics (gain spectrum, laser power) calculated using the VV exchange rate coefficients determined in the first part with predictions based on previous models.
At present, two versions of vibrational kinetics modelling are generally being employed: with the approximation of single-quantum exchange (SQE) [2] and accounting for multiquantum exchange (MQE) processes [14] .
The sensitivity of molecular vibration kinetics to the selected approach and to chosen sets of rate coefficients is studied in this paper, comparing results produced by three theoretical models. The first (I) is based on the SQE approximation. The second (II) is based on the MQE theory published in [14] , using previously computed energy exchange rate constants (EERCs) [15, 16] . The last MQE version (III) is based on the most recent corrected data on EERCs and is described in this paper. The results demonstrate a significant sensitivity of VDF dynamics and FO CO laser characteristics to the accuracy of data on the EERCs.
Semiclassical calculation of VV rate coefficients

The semiclassical approach
In order to obtain rate coefficients for VV exchange processes in a wide range of gas temperatures and of initial vibrational states, the semiclassical method mentioned in the introduction has been used. The translation and the rotations of the colliding molecules are treated classically, while those degrees of freedom characterizing the process, i.e. the molecular vibrations, and their coupling to the centrifugal stretch,are quantized by a coupled state method. The coupling between the two systems is achieved by solving the classical equations of motion with a Ehrenfest averaged potential.
This method incorporates both long and short range interactions and, since it treats the translation and rotation by classical mechanics and only introduces a state expansion in the vibrational modes, it is very convenient to use for a fast and reliable calculation of these rates. Only 18 classical equations of motion coupled to a set of time-dependent equations for the vibrational motions (usually fewer than 100) have to be integrated at a few thousand trajectories, so that the method can run on an ordinary PC computer. This makes it possible to generate large tables of rates (see, e.g., [12] ; tables for the system investigated here and for other systems are also available at the internet address http://theochem.ki.ku.dk/∼gdb). A short description of the method is given in the following.
The wavefunction for the quantum mechanical part of the system, , is expanded as a product of Morse eigenfunctions, φ v 1 (r 1 )φ v 2 (r 2 ), of the two diatoms, r 1 and r 2 being the vibrational distances of the two oscillators:
where a vv (t) are the quantum transition amplitudes and E v is the vibrational energy. The parameters used in the definition of Morse eigenfunctions (e.g. the equilibrium distance,r , ω e and β) are given in table 1. Inserting expansion (1) into the time dependent Schrödinger equation leads to a set of coupled equations for the amplitudes a vv (t):
The second coupling term in equation (2) represents the rotational distortion to first order due to the Coriolis centrifugal stretch, which depends on the rotational momentum, j i (t), of the two molecules: wherer i is the equilibrium vibrational distance for the i th molecule. In this way all the terms of the Hamiltonian for the overall system containing either the quantum coordinates or momenta have been included to define the eigenstates of the quantum part of the system. The coupling term depends upon time through the time dependence of the coordinates and angles determined from the classical trajectories.
The number of equations which have to be solved is related to the number of vibrational states to be coupled in order to get convergence. Simultaneously with these equations, the Hamilton equations for the classical part of the system, i.e. translation and rotations, are integrated in an effective potential defined as the quantum expectation value of the interaction potential. The equations of motion are thus solved by integrating numerically in Cartesian coordinates under the constraints r i =r i . The Hamiltonian for the roto/translational motion is then given by
with
where V (R(t), r i , { }) is the interaction potential (see the following section), R is the distance between the two diatoms and p i and P are the momenta corresponding to the motion of the two oscillators and the reciprocal motion respectively, and { } collectively represents the set of angles γ 1 , ϕ 1 , γ 2 and ϕ 2 , where γ i and ϑ i define the orientation of the vector r i in a coordinate system with the z-axis along R. Since the vibrational motion and the roto-vibrational coupling are included in the quantum treatment, the classical part is reduced to a translation/rigid rotor problem. Therefore, the Lagrange multipliers λ i have been introduced. Note, however, that this approach does not imply that a rigid rotor approximation has been assumed, since rotovibrational coupling has been included through equation (3) . The interaction potential is expanded in power series around the equilibrium distances of the two oscillators up to the second order:
The amplitude a vv corresponding to a given classical trajectory is obtained by a vv = lim t→∞ a vv (t) . From these quantities average cross sections can now be obtained:
where I i is the moment of inertia for the i th diatom, T 0 is an arbitrary reference temperaturearbitrary because it cancels out in the calculation of the rate constant (see equation (9) below), l is the orbital angular momentum, with l max =h −1 √ 2µU , and U is the total classical energy,
where E is the total energy, E v 1 and E v 2 are the vibrational energy of the oscillators in their initial states and N is the total number of trajectories.
Note that the vibrational energy for state i , according to the anharmonic oscillator model, is approximated by
The expression of the exothermic rate constant is then given by
whereŪ is the symmetrized (i.e. arithmetic velocity averaged) semiclassical energy [9] ,
The symmetrization scheme used here approximately restores the quantum mechanical detailed balance principle, i.e. it is necessary to ensure that the transition probability from an initial state I to a final state F does not depend on the particular trajectory. That is to say that the direct probability P I →F (E) and that calculated by the time reversed trajectory P F→I (E) should be symmetric:
For a detailed discussion of this point, including cases when such a symmetrization scheme holds, the reader is referred to [9, 17] .
Potential
Equation (6) requires the knowledge of the intermolecular potential and of its derivatives with respect to distances and angles. A crucial point in the calculation of accurate VV rate constants is indeed the availability of a reliable potential energy surface,so accurate information about both short range and long range interactions is needed. This is especially important when dealing with rate coefficients at low temperature: cross sections corresponding to low energy collisions can be very small, thus requiring an extreme accuracy in the evaluation of the interaction potential. For the system investigated here we have used the model potential introduced in [18] , which includes short range, long range and dispersion forces via the intermolecular potential in such a way that interference effects between long and short range contributions are also included correctly, and uses up-to-date ab initio or experimental parameters. The possibility of orbiting collisions, which facilitate energy transfer and which were proven to give a substantial contribution, especially at low energies [15, 19] , is also taken into account. This potential has been utilized in [12, 18] and the corresponding calculated rate coefficients showed a very good agreement with the available experimental data. The short range part of the potential is given by the following dumbbell equation [19] :
with c i = cos γ i and = m C m C +m O = 0.4286; the numerical values of parameters α and C (also reported in table 1) were taken from the ab initio calculations of [20] .
The long range part is given as the sum of dipole-dipole, dipole-quadrupole, quadrupolequadrupole, dipole-octopole, dipole-hexadecapole and quadrupole-octopole interactions. The explicit expression of the multipole long range potential is not reported here, since it is quite cumbersome and has been given elsewhere [18] , together with the multipole moment functions and the numerical values of the employed parameters. The inclusion of higher order multipole interactions, which were not considered in earlier works [15, 21, 22] , is due to the fact that it was found [18] that they can make an appreciable contribution, in particular at low temperature and for systems with larger energy mismatch; besides, in the dispersion potential, terms depending on R −6 , R −8 and R −10 are also included:
where the anisotropic dispersion coefficients C 6 , C 8 and C 10 have been taken from the ab initio calculations of [23] , and f n (R) are damping functions as proposed in [24] . The value of the parameters and molecular constants used are listed in table 1.
VV rate constants
The rate coefficients have been obtained by computing cross sections at the energies 100, 200, 350, 500, 650, 800, 1000, 1500, 3000, 5000, 7500 and 10 000 cm −1 and running 500 trajectories in correspondence to each energy value, thus ensuring an accuracy of about 15-20% for the rate constants. The trajectories were started at an intermolecular separation of R 0 = 15 Å, and with an impact parameter randomly chosen between 0 and 11 Å.
The calculated rate constants at some selected temperature values are reported in tables 2-5, involving the exchange of one, two, three and four vibrational quanta, respectively.
There are old experimental results on SQE rate constants for not very high vibrational levels at different gas temperatures [25] [26] [27] [28] [29] [30] [31] [32] . It is interesting to compare new theoretical data for these rate constants with existing experimental data for the processes CO(v) + CO(0) → CO(v − 1) + CO(1). The results of such a comparison are presented in figures 1-3 for gas temperatures 100, 300 and 500 K, respectively. A quite satisfactory agreement between the calculated and the measured values of the rate constants for the range of the investigated vibrational numbers and at all temperatures can be seen. Figure 4 illustrates the resonant behaviour of VV exchange rate constants, taking as an example the processes CO(36
, where v is the number of exchanged quanta (ranging from one to four), at T = 100 K. Rate coefficients for exact resonance are omitted because these processes do not introduce changes into the vibrational state of the partners. It is shown that VV exchange rates with different numbers of exchanged quanta are comparable by magnitude, hence all processes should be accounted for in the model. Note that the single-quantum EERC is not a maximum for the process nearest to the resonance one. Besides, the widths of the resonances diminish with the number of exchanged quanta. This effect is more clearly focused in figure 5 , where the tuning function (36, u) , describing the relative variations of rate constants versus energy mismatch and Table 2 . Single-quantum VV rate constants for the transition CO( defined by
is shown. Here v is the number of exchanged quanta and u is proportional to the energy mismatch in the process. This function is equal to the ratio between rate coefficients for the processes with energy mismatch depending on u and the rate coefficient for the exothermic process nearest to resonance with u = 1. The width of this function is indeed smaller for larger v = 3 and 4. 
Model of a CO overtone laser
The mechanism of formation of a partial inversion between vibration-rotational levels in CO molecules is very specific. The key process is the so-called anharmonic pumping resulting from the VV exchange between molecules on low and high vibrational levels. Because of the anharmonicity of molecular vibrations the vibrational quantum diminishes with the level number v. Then at a low gas temperature the process where a molecule on a lower level comes down and that on the higher level comes up is the most probable. When lasing in the fundamental band is suppressed, this mechanism produces the partial inversion on the FO transitions. The mathematical model of the CO overtone laser is formed by a system of kinetic equations describing the temporal evolution of the populations of vibrational levels of CO molecules [2, 33] . Schematically, this system has the form
Here
S P are the rates of the change of the vth level population in the excitation/quenching processes in collisions with plasma electrons, the vibration-vibration exchange processes, the vibrational relaxation processes and the spontaneous emission processes. The last term in equation (16) describes stimulated emission processes. I v, j is the laser intensity, g v, j is the gain for transitions in the first vibrational overtone.
The intensities I v, j were found by solving the following equations:
where c is the speed of light, L is the cavity length, L am is the active medium length, is the resonator angular aperture, v, j is the threshold gain coefficient for the given transition and A v,v−2 is the relevant Einstein coefficient. -data of [25] ; •-data of [28] ; ×-data of [29] . Table 5 . Four-quantum VV rate constants for the transition CO( The electron energy distribution function (EEDF) at high degrees of vibrational excitation depends not only on E/N (E is the electric field strength, N is the gas density), but also on the degree of vibrational excitation. Therefore, in our model the steady-state Boltzmann equation for the spherically symmetric part of the EEDF was computed simultaneously with constants; -data of [25] ; •-data of [26] ; ×-data of [27] ; -data of [30] ; +-data of [32] for T = 292 K; -data of [31] . systems (16) and (17) . Schematically, the electron Boltzmann equation has the form
where u is the electron energy, J F and J el are the electron fluxes in the energy space, which appear because of the presence of an electric field and because of elastic losses and excitation of rotational levels, and St ( f 0 ) is the inelastic collision integral, including the excitation of vibrational and electronic levels and transitions between vibrational excited levels. A set of electron scattering cross sections for the mixture CO and He was taken as in [33] .
The equation for the gas temperature was also solved:
where W V V , W V T and W * are, respectively, the amount of heat released in the VV exchange and VT-relaxation processes, and direct heating of the active medium in the discharge by elastic and inelastic (involving excitation of molecular rotation) collisions with electrons; C V is the specific heat capacity at constant volume. The heating rate W * should be found by solving the Boltzmann equation for the EEDF in dependence on the mixture composition, the parameter E/N and VDF. However, in practical numerical simulations of the CO laser it is usual to treat W * as a fit parameter, to reach a good agreement of the theory with the experiment. In the following calculations this parameter was taken equal to W * = 0.15W (W is the specific electric discharge power). Approximation of the SQE cannot be justified for the system under consideration. However, due to its simplicity, this approximation is widely used in practical simulations [2, 33] . Despite the fact that this theory is essentially semi-empirical, it is important to find out conditions when this simple model provides results not strongly differing from results produced by a more exact theory. Such a theory should describe VV energy exchange, accounting for MQE processes. A key issue in whether the formulated model gives a good description of the CO overtone laser is the correct choice of a set of VV exchange rate coefficients. Historically, the first model of the CO overtone laser where the MQE processes were introduced [14] was based on earlier published results of semiclassical calculations of the EERCs [15, 16] . Because of the incompleteness of published data a procedure of extrapolation of the EERC values for processes where numerical data were missing was developed in [14] . Results of later calculations ( [12] and this paper section 2.3) cover the whole range of vibrational numbers, gas temperatures and numbers of vibrational quanta exchanged (up to four) involved in the kinetic model of the CO overtone laser. It is worth noting that the EERCs for asymmetric one-to-two quanta VV exchange CO(v) +CO(0) → CO(v − 2) +CO(1) were calculated additionally [12] . Besides, parameters of the intermolecular potential were refined, too. It is of great interest to find out to what degree modifications of the MQE model influence results of simulations of the CO laser for typical experimental conditions [4, 34] .
In the next sections the results of numerical simulations of the CO overtone laser performed using three theoretical models are compared. Model I is essentially the SQE model as described in [2, 33] . Model II is described in detail in [14] , and is based on MQE vibrational kinetics, with the EERC values interpolated from data of [15, 16] . Finally, model III includes a complete set of the EERCs reported in [12] and in this paper section 2.3.
Comparison of results for different rate constant sets
For comparison purposes, conditions were selected close to those realized experimentally in [34] for the FO CO laser, but not exactly the same. A CO:He = 1:4 laser mixture at temperature 100 K and density 0.2 amagat was assumed to be excited by non-self-sustained discharge with duration 30 µs and energy input density 200 J/l amagat. In numerical simulations, gas expansion induced by energy release into heating was ignored for simplicity. Therefore, we do not try to make a direct comparison with existing experimental data for similar conditions [34] . To make the interpretation of comparison results easier, vibrationaltranslational (V-T) relaxation rate constants and spontaneous emission rates were taken as identical in all three models, and are described in [34] [35] [36] [37] .
The evolution of VDF and of the characteristics of the FO CO laser was numerically calculated using the three models in turn. Figure 6 shows a comparison of the VDFs at the times 50, 100, 200 and 300 µs after discharge started. It is interesting that the shapes of the VDFs found in SQE (I) and in the latest model (III) are very similar, while the early MQE model (II) predicts faster appearance of population on high levels and lowers the plateau at later times. Surprisingly, the latest model gives results closer to the first simplest version. However, it is very important to note that model III predicts slower evolution of the VDF than model I. Generally the VDF shape dynamics is governed by VV exchange processes within the whole manifold of vibrational levels. Laser parameters, in particular when operated in a selective mode, are controlled by VV exchange processes within a local region of vibrational levels where the VDF is disturbed by laser action. It was shown in [14] that dynamics of local disturbances of the VDF can be characterized by a local frequency of VV exchange collisions, resulting in the removal of a CO molecule from the selected level, v. It can be expressed in the form
Here n i is the vibrational population on level v, and Q Figure 7 shows that the introduced local VV exchange frequency is strongly different for different models. In particular, while the VDF shapes in models I and III were close enough, the magnitude of 1/τ V V for v 10 is quite different. It is interesting that the two versions of the MQE model have similar v-dependence of VV exchange frequency. It has been previously shown [14] that model II describes high levels population dynamics in a more realistic way than model I. The same conclusion holds for model III. The FO laser gain is a characteristic which is sensitive to the local magnitude of the VDF and to its local slope. Comparison of small signal gain (SSG) evolution for four high transitions calculated by different models is shown in figure 8 . Note that the updated and more complete version III predicts the longest delay of gain appearance. It was reported earlier [34] that the theoretical analysis predicted remarkably faster laser pulse appearance than observed experimentally. A similar conclusion was made in [38] when comparing experimental and theoretical data on dynamics of populations on high selected levels at optical pumping by resonance IR radiation. The slower evolution of the VDF predicted by model III in comparison with other models thus provides the correct description.
To simulate laser pulses, a selective resonator was assumed with the following parameters: gain length 1 m; round trip loss equal to 10% and independent of laser wavelength. Figure 9 shows that model III predicts a later start and lower peak for the laser pulse at high transitions than models I and II.
The dependence of laser efficiency operated in a selective mode on vibrational level number is compared for the three models in figure 10 . Laser efficiency is defined as a ratio of the laser pulse energy and the input energy. The difference between the three curves is quite significant and clearly demonstrates a high sensitivity of laser characteristics to the 'quality' of the vibrational kinetics model.
Discussion and conclusions
The rate constants for the CO-CO vibrational exchange process reported in this paper, together with those presented earlier in [12] , constitute a very large set of semiclassical rate coefficients either for single-or multiquantum processes, including those where an asymmetric number of vibrational quanta are exchanged. The importance of using such a large set is twofold: from the qualitative point of view it enables us to evaluate which processes are mostly significant for vibrational kinetic modelling. In particular, it was found that rate constants of processes involving different numbers of exchanged vibrational quanta have different resonant behaviour. Furthermore, on the quantitative side, the number of computed rate constants is sufficient to construct the full matrix of VV rate constants without resorting to heuristic suggestions based on extrapolation and/or interpolation. The comparison of the kinetic modelling results obtained both with the described set of rate constants and with previously used ones is reported. As a result, it may be concluded that the applicability of the SQE model commonly used by researchers is rather limited. This model could be applied for calculations of quasi-stationary VDFs and the SSG spectrum for not too high levels. For quantum numbers v 39-40, only the updated MQE model gives a realistic description of VDFs. Inclusion of the asymmetric one-to-two quanta exchange processes allows us to explain naturally the abrupt reduction of vibrational populations at these levels observed experimentally in [39] , where it is explained by the introduction of a V-E non-adiabatic collisional process.
As to CO overtone lasing characteristics, the sensitivity of these to the choice of the rate constant set is rather strong, and thus only an accurate and complete set (like the one reported here) should be recommended. Furthermore, the main and undeniable advantage of the new semiclassical set is its capability to more adequately describe non-stationary processes, which take place after sudden perturbations of the VDF of different nature. A significant sensitivity of simulated VDF dynamics and FO CO laser characteristics to the accuracy of EERCs used leads to the necessity of having the most reliable sets. This, in turn, obviously depends on the possibility of developing an efficient and not too time consuming theoretical method for their calculation, but also on the possibility of counting on an accurate interaction potential for the whole range of intermolecular distances. On the other hand, the high accuracy experimental measurements of vibrational dynamics on high vibrational levels or characteristics of the FO CO laser could be useful for additional tests on the intermolecular interaction potential.
